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RESIDUES OF SINGULARITIES OF
HOLOMORPHIC FOLIATIONS

BOHUMIL CENKL

1. This note contains an algorithm for the computation of the residues
associated with the singularities of holomorphic foliations on compact com-
plex analytic manifolds. We assume that the singular set is a closed holo-
morphic subvariety, and we drop the requirement, which is essential in [1],
[3], that the dimension of the singular subvariety is one less than the dimen-
sion of the leaves.

First of all let us briefly review the known results in this direction. Let M
be a compact complex analytic manifold of complex dimension #, T the holo-
morphic tangent bundle, and F a holomorphic vector bundle of fibre dimen-
sion k, 1 < k < n. Denote by T and F the sheaves of germs of holomorphic
sections of T and F respectively. Suppose that /: F — T is a holomorphic vector
bundle map such that: (1) the singular set > is a closed holomorphic sub-
variety of M, (2) f(F)|M — 3, is a holomorphic foliation # of codimension
n—=k, (3) dim, >, = k —r, r > 1, (4) the subsheaf f(F) of the sheaf T is
integrable and full. See [1, p. 282]. The integrability guarantees that > is a
singularity of a foliation on M, and the fullness rules out any unessential sin-
gularities. Let ¢ be a symmetric homogeneous polynomial of degree /, n — k
< 1< m, in n variables x,, - - -, x,,, and & the unique polynomial in the ele-
mentary symmetric functions ¢y, - -, ¢, of Xx,, - -+, X, such that ¢(e,, - - -, 7,)
= (x;, + -+, X,). Let Q@ = T/f(F), ¢,(Q) = the jth Chern class of Q, and ¢(Q)
= ¢(c(Q), - - -, c(Q)). Then there exists a homology class Res, (¥, }}) e
H,y, (3 ; C) which depends only on ¢ and on the local behavior of & near
>3, [1]. Moreover, if p.: Hyp (3] C) — H?* (M; C) is the inclusion followed
by the Poincaré duality, x, Res, (%, ) = ¢(Q), ([1] and [3] for £ = 1). One
of the basic problems is to compute this class in terms of the “local behavior”
of & near . All the results have been obtained ([1], [3]) under the assumption
r=1,1ie., dim; ), + 1 = dimension of the leaves of .

For ¥ = 1 and k = 1 we have a foliation # by holomorphic curves with
a singularity set ), being isolated zeros of a holomorphic vector field X, de-
fining &. If 4(p), - - -, 2,(p) are the eigenvalues of the automorphism of T,
p € 2, defined by X, then under the obvious regularity assumptions there
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is the formula (for reference see [1])

Ree 2= 5 o 1)

The general case, r = 1 and 1 < k < n — 1, can be basically reduced to the
previous one provided that }; is a closed holomorphic subvariety. Let {J],};.;
be the irreducible components of ), and [J];] the fundamental class of Y,.
At a regular point p* of Y; a transversal (# — k + 1)-dimensional disk 77*
intersects & in holomorphic curves with zero at p?. Therefore in f* we have
the previous situation. If R; denotes the residue associated to it by the above
formula, then ([1], [3]) Res; (F, 2.) = 2i;er Ri[214] for any polynomomial ¢
of degree/ =n—k + 1. If n — k + 1 <[ < n, then the general formula could
be derived from the examples, [1].

The residue problem has been studied also for the meromorphic vector
fields on compact complex analytic manifolds, [1], and many various results
have been obtained also in the real case by Baum and Cheeger and for the
Riemannian foliations by Lazorov and Pasternack.

In the case r > 1 the “transversal disk” method is not the right tool for
the study of the residues. In this note we give an inductive construction which
to a compact manifold M of dimension n with a holomorphic foliation .%# of
leaf dimension k with the connected regular (Definition 1) singunlar set > of
dimension dim, }, = k — r associates a compact manifold P, which is a pro-
jective line bundle p: P — M with holomorphic foliation & , of the same leaf
dimension as 4, with regular singular set >,, = p~!(3]) of dimension dim; >,
=k — r + 1. Then the relation between the residues for the two situations
(M, %, %)) and (P, F,, 3.,) can be expressed in the following way: Let ¢ be a
polynomial of degree / as above, and Res, (%, 3.) the residue. The inclusion
> — M and the Poincaré duality give the map *: H(3;, C) —» H'(M, C),
and the residue defines the cohomology class {* Res, (£, >}). With a given
polynomial ¢ we can associate a unique polynomial - of degree / + 1 (Prop-
osition 5) and the cohomology class £% Res, (% ,, 7,,) defined by the residue
Res, (F ,, 22,); §F 1 H(3,, C)— H'(P, C) being defined by the inclusion ),
— P and the Poincaré duality. Denote by ¢,(K) the first Chern class of the
holomorphic line bundle along the fibres of p: P — M. Then the cohomology
class £* Res,, (¥ ,, >.,) expands as a polynomial in ¢,(K):

EF Resy (Fp, 2op) = O + pFe¥ Res, (F, 30)-c(K) + §2 &7 -(c(K)) .

If 3 is not connected, then we have to take the sum over the connected com-
ponents. |

2. Suppose that M is a compact complex—analytic manifold, dim, M = #,
and & is a holomorphic foliation with the singular set ), defined in § 1.



RESIDUES OF SINGULARITIES 13

-Furthermore we assume that dim, > 4+ r = dim, & (the leaf dimension of
F at a regular point), r > 1. Let M’ = M\ >, and let F = f(F)| M’ be the
holomorphic subbundle of the holomorphic tangent bundle 77 = T | M’, and
TO®T =T, R zC, Ty being the real tangent bundle of M. The quotient
bundle ¢: Q’ = T’/F — M’ is a holomorphic vector bundle with fibre dimen-
sion n — k, where k is the fibre dimension of F. If Q’* is the dual of Q’, then

n—k

NN T

. n—k
is the inclusion of the holomorphic line bundle /A Q’* — M’ into the holomor-
phic vector bundle.

Because we want an extension of the line bundle n/\k Q’* over the singular
set >, some regularity assumptions on >, are needed.

Definition 1. A singular set ) is regular if it is a closed subvariety of an »-
dimensional complex analytic manifold M such that

(i) dimy 3 <n—4,

(if) there exists a closed subset W of M, >, C W with the property

HW;Z)= H(W\Y;2Z), j=12.

We will assume that the singular set >, is regular in the above sense. Then
by Theorem 2, proved in the last section of this note, there exists a holomorphic

n—r n~k
extension A Q% — M of the holomorphic line bundle /A Q’* across the singu-
lar set ;. Let p: P = P(E) — M be the projective bundle, with fibre CP?,

associated with the vector bundle £ = n/\k o El—)n/\k o*.

Lemma 1. Let F be a holomorphic foliation on a complex-analytic manifold
M with regular singular set 3, and let dimy; M = n, dimy 3, = dim,, & — r,
r > 1. Then on the complex analytic manifold P with p: P — M, there is a
holomorphic foliation & , with the singular set Y, = p~*(}]) such that dim, &,
= dim, F and dimy 35, = 1 + dimg 3.

Before we give the proof, let us make some observations. Let U C M’ be a
coordinate neighborhood with coordinates z =(z,, - - -, z,), and (@', - - -, @™ %)
a holomorphic frame field of Q’* over U. The integrability of F is equivalent
to {on U)

n—k _ .
awj:Z:C{/\wL: ow! = ) ]:172=7n_k
i=1
A partial connection is a C-linear map
7:C=(Q*|U) - C~(F*ST*Q Q™*|U),

such that P(f -s) = p(df) & s + fVs, where p: T#* — F* is the projection. There
is a natural partial connection on Q* | U, namely,
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V0! = i(Z)ow! Vew? = i(K)dw’ = 0,
for Z e C=(F|U) and K ¢ C=(T|U). An extension of this partial connection:

1 Dyw? = Yzt §l(Y)o' YeC™(T|U),
@1 Dy’ = i(K)ow' =0, KeC=(T|U),
where p(&/) = {{, is a basic connection.

Let a,, - -+, a,_; be the local coordinates of a point a € @’*|U, q(a) = z,
with respect to the local frame (o', - - -, ©" *). We denote by X a holomorphic
section of F|U, and by p = p0' + - - - + p,_zw" ¥ the horizontal section of
Q'*| U over the integral curve y of X through the point a. The functions p,,
<+, Pn-x are defined along the holomorphic curve y passing through z and
satisfy Dyp = 0. Because Dyp = i(X) Jiick dp, N\ o' + 277% 08U X))@', and

{X) = C{X), the equation Dyp = 0 is equivalent to the system

n—k
(22) X(Pz)+ ZIPJC{(X):()s i:132"",n_k5
i=

along the integral curve y of X. Let X(a) be a vector tangent to the section p
at a. Then

X(@) = X(2) + X(o)@e' + -+ + X(pp_r)@" F .

By (2.2) we have X(a) = X(z) — >.72% p,(2)o’, and
2.3) , f@) = X@) - 3, a,0'0) .

Now we associate with the holomorphic vector field X the vector field X de-
fined by (2.3). As X is holomorphic and »’ is a holomorphic function, the vector
field X is also a holomorphic vector field on Q* |U.

Because the curvature Ky y = DyDy — DyDy — Dz y;1s zero for any vector
fields X, ¥ e C=(F|U), the horizontal lift F| U of the distribution F| U is inte-
grable and holomorphic. Finally as Q’* — A/’ is holomorphic and K y = 0,
X, Y e C=(F), is a global condition we conclude that F is a holomorphic dis-
tribution on Q'* — M’, q,F = F. This proves

Proposition 1. On the holomorphic vector bundle q: Q'* — M’ there is a holo-
morphic k-dimensional integrable distribution F such that q*(F ) = F.

Next step in the proof of Lemma 1 is

n—k
Proposition 2.  On the holomorphic line bundle q: )\ Q'* — M’ and the holo-
morphic vector bundle E | M’, there is a holomorphic integrable distribution which
projects onto F.
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Proof. The basic connection D: C*(Q™*) — C=(T* @ T* ® Q'*) extends as

a derivation and defines a connection D* on the holomorphic line bundle
n—u

A Q*— M
n—r
DMgy AN vv s AN sp) = (=D, A oo ADsg /AN oo A Sy_ys
i=1

for any s, A\ -+ A s, ;€ C°°(n/\kQ’*). The curvature satisfies K2 » = 0 for
X,Y e C=(F), and D" gives a unique connection D°: C*(E | M") — C=(T* ® T*
® E| M), where again Ky y = 0 for X,Y ¢ C=(F). The rest of the argument
is exactly the same as in the proof of Proposition 1.

Now let us return to the situation from the proof of Proposition 1. Let
a,be Q*|U, and g(a) = g(b) = z, ¢ U, such that for some ¢ € C, b; = a;-c,
i=1,2,---,n — k. Let p, ¢ be the horizontal sections over the curve y passing
through a, b respectively. The components p; and a; of p and ¢ satisfy (2.2)
and the initial conditions p,(z,) = a;, ¢4(z,) = b;. The functions c- p,{(z) satisty
(2.2) also, and ¢-p,(z,) = a:(z,) = b;. From the uniqueness of the solution of
(2.2) it follows that ¢ - p,(z) = g.(2). Hence if a curve p(z), z € y, is on the leaf
of the foliation # given by F, so is the curve c-p(z).

If we apply this to the bundle £| M’ we can have

Proposition 3. On the projective bundle P | M’ there is a holomorphic foliation
F , of the same leaf dimension k as the foliation & on M’.

Lemma 1 follows from these two propositions.

3. We succeeded in replacing the compact manifold M with a foliation %
and the singular set > such that dim,, & — dim, >} = r by another compact
manifold P and a foliation % » with singular set >} such that dim ,, % —
dimg > p» = r —1. If this procedure is repeated (r — 1)-times we end up with
a compact complex analytic manifold with a holomorphic foliation whose
singular set is a closed regular subvariety of complex dimension one less than
the leaf dimension of the foliation. That is the situation where the residue
can be explicitly computed, [1], [3].

Let us recall [1] the definition of the residue for a foliation % on M with a
connected regular singular set >;. Let U be an open subset of M such that
>7 C U and 3] is a deformation retract of U. Recall that the quotient bundle
g: Q' — M’ is a holomorphic vector bundle which is equivalent to a normal
bundie of & on M’. Let £, E,_,, - - -, E, be C* complex vector bundles over
U such that over U’ = U\ J; there is an exact sequence of vector bundles

1 o

G.1) 00— E, U 25 B U 22 E U’ QU —>0,
#;’s being vector bundle maps. (3.1) is a resolution of Q’ over U’. Furthermore,
suppose that there are C* connections
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(3.2) F,iC*(E) — C(TEUYRE), i=0,1,---,5,

T = T*@ T, and a basic connection F_; on Q' over U’ such that for some
compact subset U, of U, with ] contained in the interior of U, the exact
sequence of vector bundles (3.1) is compatible with these connections over
U\U,. Let K, K;, - - -, K, be the curvatures of the connections

2
VoV oo Ve Kye NTE®EndE, i=0,1,-.-,5.

Now we define the differential forms «,, - - -, &,, £; being a 2i-form on U, by

iﬂo det(Z + KPP =145+ -+ + &, , (@) = (— 1.

Suppose that ¢ is a symmetric homogeneous polynomial of degree /, n — &
<1 < n, and ¢ is the associated polynomial as in § 1. Then the closed dif-
ferential 2/-form (34— 1/x)* &(k,, - - -, £;) with support U, defines a cohomo-
logy class (3¢ —1/z){¢(k,, - - -, £,)] in the compatibly supported cohomology
H?*(U, C). The Poincaré dual of this class is a class in the homology group
H,, .(>, C), as >, is the deformation retract of U by assumption. It is called
the residue and denoted by

3.3) Res, (F, 2)) = D{(3V — 1/ d(ks, - - -, £} -

It was proved that this homology class depends only on ¢, >, and & in a
neighborhood of } on M.

- Because we want to relate the residues corresponding to the situation given
by >, % on M and } 5, # p on P for various polynomials ¢, we must con-
struct a resolution of the normal bundle of >, analogous to (3.1), and also a
sequence of connections compatible with that resolution as closely related to
the I;’s (3.2) as possible.

Let V=p '(U),and V' = V\ > p, let K — V' < P be the bundle of vectors
tangent along the fibre, and let £, = p™'E,,i = 1,2, ---,s,and B, = p'E,® K.
If F is the distribution tangent to the halomorphic foliation & p, then the bundle
normal to & p is equivalent to ’ = T(P’)/F, and ¢’ is equivalent to ¢~'Q’ D K.
Hence the exact sequence (3.1) gives immediately the exactness of the sequence

. s Aso Mo oa b
(B4 0—E |V 2E VS BV S 0|1V —0,
where 2; = #;, the lift of p,, i = l , -++, 8, and 4, will be defined below.
Now we define the connections I/;, i = —1,0, 1, - - ., 5, which are compatible

with the bundle maps in (3.4), and such that §_, is a basic connection on @’
First, let us start with the construction of I_,. The injection #: K — T(P) to-
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gether with Ehe projection z: T' P — Q~’~: ~T(P’)/F on the quotient defines a
subbundle K = z-#(K) of Q’. In fact, Q’'/K is equivalent to p~'Q’, and if we
identify Q' with p~'Q’ @ K then

Y By =pTE,®K— Q' =pTQ DK

is a bundle map defined by 4, = 4, @ 1, f, = p~'gp. Note that on each pull
back pT'E; and on p~'Q’ there is a natural pull back of connections V/; =
(P @pH)eW,op,i= —1,0,1,..-,s.

Proposition 4. On the quotient bundle (' there is a basic connection ¥ _, such
that it maps the subbundle K of Q' into itself and on the quotient bundle it is the
pull back V_, of V_, via the isomorphism ¢: O’|K — p™'Q’.

Proof. Llet V:C=(Q) — C=(F* @ T*(P) ® Q) be the partial connection
associated with the foliation .# , on P. It is characterized by the following two
properties:

D Q) =X, YD), XeC>(F),YeC(I(P)),

(2y Fis of type (1, 0).

For any Y e C* (K), K’ = K|P/, and X ¢ C=(F) the bracket [X, Y] e
C>(K' @ F) as K’ @ F is an integrable distribution defining the foliation p~(%)
of codimension k£ on P’. This shows that the partial connection induces a par-
tial connection F” on the subbundle K of {'. It is flat along the leaves of % .

It remains to show that the partial connection F can be extended to a basic
connection D_, with the same properties as ’ on K and at the same time on
the quotient O'/K it should be F_,. This is done as follows: The partial con-
nection 7’ on K’ extends to a connection /' C=(K)— C=(T*(P)® T*(P)® K).
7’ is again flat along & ,. Then the connection

(3.5 Vo=@ _ce®F)c,

where ¢: 0’ — O’/K @ K is an isomorphism, has the required properties as both
defining connections are flat along % .

The isomorphism of vector bundles z-x: K —K over P’ and the connection
7’ on K over P’ define a connection on K over P’. Let ¥, = p~'U, be the com-
pact subset of P, V', C ¥V, containing Y] in its interior. As K is a vector bun-
dle defined over the whole P we can choose extension / of /// such that J/
restricted to P\ ¥V, is /. Then define the connections

ﬁi: CW(E‘IZ) - C(T¢® Ez) >

ﬁizﬁi,l.: 1,2, "',S,ﬁ():?o@ﬁ.

Proposition 5. The exact sequence of vector bundles (3.4) is compatible with
the connection ¥, i = —1,0,1, -- -, s over V\V,.

Proof. 1In order to systematize the notation we denote Q' by £_ and 7 _,0¢
simply by F_,. Then the problem is to show that over ¥\ ¥,fori=0,1,-.-,s
the following diagram commutes:
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~ 2% .
C=(Ey) - Co(Ey)

L

LA .
C*(TEQ@E) —> C~(T§QRE;_).

Let a e C=(E;|V\V,), B, = p'E,® K, and a = az + ag. Fori = 1,2, .-,
the proposition follows from the compatibility of (3.1) with the //,’s, and for
i = 0 we have -

(@) = (4 D 1)@ = fifaz) + as -
From the compatibility of (3.1) with V, over U\U, we get

‘7-120(‘1) =@ ﬁ)(‘ao(aE) + ax)
= ‘7_1ﬁz(aE) + ﬁ(aK) = ﬂoﬁo(aE) + ﬁ(ax)
= (ﬁo @ 1)(‘70 @ ﬁ)(aE + ag) = AV (a) .

Now we can compute the formula relating the residue Res;, (¥, ), where
¢, is a symmetric homogeneous polynomial of degree I, n — k <[ < n, with
the residue Res,, (¥ », 2,p), Where +, is a symmetric hon}ogeneous polynomial
of degree , n — k + 1 < ¢t < n + 1. The connections V;,i =0,1, ..., s can
be extended to the connections over the whole P. We keep the same notation

for the extensions. The curvature from £, of the connection 7, is the matrix-
valued form on P

‘QlJ:(KO 0)5
0 R

where K, = p*K,, and R is the curvature 2-form of the connection §/ defined
on the holomorphic line bundle X. Hence we have

det (I + 2,) = det (I + K,)-det (I + R)
=det(/ + K))-(1 + RB),

where 1 is the identity in Er~1d (K), and for i = 1,2, ..., s, 2, = p*K, is the
curvature of the connection V. The product

(et + 2P =0+ &+ -+ +EX + B
:1+0)1+0)2+"'+0)n+1, E(l):(_1)27

(3.6) =0

where #; = p¥k;, i = 1,2, - -+, n, are 2i-forms on P,
The total Chern class of the virtual bundle £ = 37:_, (—1)?E; is defined by
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e(B) = I By,
and the Chern classes ¢, (£), - - -, ¢,,:(F) are determined by
cEYy=14cE)+ -« + o).
The 2i-form o, is closed and represents the i-th Chern class ¢, (£):
[0] = Q@ajv/ = Tye(E) .

As abovelet,, n — k + 1 <t < n < 1, be symmetric and homogeneous poly-
nomial, and let ¥, be the associated polynomial in the elementary symmetric
functions. Then +-,(F) is defined by

3.7 YilE) = Vil i(B), -+ -, i),
and [1, Theorem 2] implies that
(3.3) Vi(E) = &% Res,, (Fp, 17)

where the summation is over the connected components »,% of > p, and &*
is the composition of i,: H.(>p, C) — H.(P, C) induced by the inclusion with
the Poincaré duality. Similarly if £ = >12_,(—1)*E; is the virtual bundle over
M, and c¢,(E) is its i-th Chern class, then for any symmetric and homogeneous
polynomial ¢, of degree [, n — k <[ < n, we define

(3.9 $i(E) = di(cE), - - -, c(E)),
and [1, Theorem 2] gives the relation
(3.10) $u(E) = 2I6% Res, (F, 207),

where the summation is over the connected components of >, and * is the
composition of i,: H(};, C) — H.(M, C) induced by the inclusion i: }; — M
composed with the Poincaré duality.

The cohomology class ,(E) is represented by the 2s-form ¥ (w,, - - -, »,),
where

wIZEl+Rs wZZEZ_"El/\Rs"'s

3.11)
Wy =Fn + Bt AR, wpy=Ff ANR.

Before we proceed any further, few algebraic observations are needed. Let
g, - - -, 0, be the elementary symmetric functions in the » variables x;, - - -, x,,,
!/ < n, and let g, -- -, p, be the elementary symmetric functions in the » + 1
variables x,, - - -, x,, y. These two sets of the elementary symmetric functions are
related by the formulas
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(3.12) =0 +y, pj=0;+o0;.y, Jj=2,3 1.
Then for any /-tuple of nonnegative integers «,, as, - - -, &; such that o, + 2,
4+« + la, = ! we define the homogeneous polynomials pi,.. ., f=0,1, <+ -,
in the elementary symmetric functions ¢, - - -, ¢; by the formula

(3.13) TR e 7t = Py F Dryna,y T (K

where (*) stands for the terms of higher orders in y. Let us denote pi .. .,
simply by p.,...a,.

Proposition 6. Let §,, B, - - -, 8, be a sequence of nonnegative integers such
that B, + 28, + -+ + 18, = 1. Then the monomial ¢{*a5* - - - o{* can be written
as a polynomial, with rational coefficients, in the polynomials p.,...., for various
sequences of nonnegative integers o, - - -, a; satisfying a, + 2, + + - - + lay = 1,
where | is a fixed positive integer.

Proof. For a fixed sequence «, - - -, @, we rearrange the terms in the poly-
nomial p.,....,. First start with the monomials involving ¢; with the highest in-
dex j, and order these monomials with the decreasing powers of ¢;. Therefore
the term involving the ¢; with the highest index j and in the highest power will
be first. We call this term the leading term of p.,....,. After all terms with ¢;, j
being the highest index, are exhausted, repeat the same procedure with the ¢;’s
where k is the next highest integer, etc. If there are two monomials with the
same ¢; with the same highest index and having the same powers, then look at
the next highest index of ¢, in those monomials. The one whose next highest
index is higher comes first.

Now we order all the polynomials p.,...., for various sequences a,, - - -, a;
satisfying &, + 2a, + -+ + [y, = [ for fixed [, ordered in the above manner,
according to the leading terms as follows: Start with the monomial p - .- which
has the leading term containing g, in the highest power. Then order all those
polynomials p - -- whose leading term contains g, according to the decreasing
powers, and continue in the same manner with those polynomials p - - - whose
leading term contains ¢,, etc. If two different polynomials have the leading
terms involving the ¢, with the same highest index j in the same highest power,
then look at the ¢,’s in those leading monomials with the next highest indices.
If they are different, then the polynomial with the leading term involving ¢, in
the higher power will be first, etc.

Let, for example, ¢, -- -, ¢,, ¥ < I, be a sequence such that ¢, + 2¢, + - .-
+ rc, = I. The leading term of p,,........ i3 equal to (¢; + g% - - . 7. The
other monomials in p,,........, are constant multiples of ¢?* - .. ¢, b, + 25, +
««+ + rb, = I, by > ¢,. But these terms, possibly with different constant coef-
ficients, already occured as leading terms in the previous polynomials of our
ordering. Hence we have a system of N linear equations with N unknowns,
where N is the number of partitions «,, - - -, &, such that o, = 2, + - -+ +
loy = I. The above ordering puts the matrix of the coefficients of this system
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into the triangular form, with zeros above the second diagonal and with non-
zero elements along the diagonal. In fact the elements along the diagonal are
precisely the coefficients of the leading terms. Therefore we can solve this regu-
lar system for the leading terms. It remains to be mentioned that each monomial
oftv..oft, B + 2B, + -+ + B, = [, actually appears as the leading term of
the polynomial

1
B+ 1

plgl...ﬁL .

Corollary. Let gy, - - -, 0, be the elementary symmetric functions in x,, - « -, x,,,
and let $, be the polynomial associated with symmetric homogeneous polynomial
é, of degree I so that ¢(x,, - - -, X)) = @0y, - - -, 0;). Then with any polynomial
@, can be associated a polynomial , iy <+ -, o) of degree I + 1 in the vari-
ables x,, - - -, x,, ¥y With p; given by (3.12) such that

3 14 1Z}L+1(Pl’ A PL) = 55(1)(01, Tt Ul) + ¢~l(o'1’ tt s Ul)y
( ’ ) +Zgﬁé{(o‘1,"',al)yja

j=2
where & has degree | + 1, and ] has degree | — j +1.

Now we are ready to prove

Theorem 1. Let ¢, be a symmetric homogeneous polynomial of degree I, n — k
<1 < n, and ., the associated polynomial. Then the residue cohomology class
corresponding to the situation (P, F p, Y. p) has an expansion as a polynomial in
e (H):

Zf* Res\"z+1 (’gzP; Z;’)

(3.15) = @} + p* N&* Res,, (F, 50 a(K) + 5 0 -(e(K)Y .

Proof. If ¢, is the polynomial associated with ¢,, then the cohomology class
¢, (E) given by (3.9) is represented by the de Rham cocycle

(3'16) (%'\/———l/ﬂ)l&l(lﬁ, D) ’CZ) ’

where &, - - -, k; are the forms on M defined by the connections I/, given by
(3.2). From the vanishing theorem [1] it follows that the support of (3.16) is
in the compact subset U, of U. Hence p*@,(%,, - - -, £;) = @i(ky, - - -, £,) has sup-
port in ¥,. From (3.11) and (3.14) it follows that there exists a symmetric ho-
mogeneous polynomial ,,, such that

1pl+1(w13 Tt a)l) = &(’51, tt /El) + 5Z(’Els R} /El) /\ R
(3.17 T 22 Giks, - E) A RY,
iz

where R/ = R A +-. A R (j-times), and ¢, j = 0, 2, - - -, are polynomials of
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degree I — j + 1. Since &,(%;, - - -, £,) has support in V,, from the vanishing
theorem [1] it follows that also ¥, (w,, « - -, w;) has support in V.

Now multiply (3.17) by (34— 1/z)'** and observe that (3+/ — 1/7)[R] = ¢(K).
We get

(%m/ﬂ)LH[’I’LH(wu e, w)]
= GV = 1/2)" [Gik, - - -, £)]
+ GV =1/ uk, - - -, £J]-u(K)
+ ]_; GV = Tm) I gik, - - -, )] (KDY

where « stands for the cup product, and ¢,/ = ¢, » - -+ » ¢; (j-times). Hence
we have

Vin(E) = p*$UE) + p*¢u(E)- (k) + jZZIZP*¢{(E)~(Cl(K))" :

Finally if we denote @} = p*¢)(F) and @ = p*¢(E), then the relation (3.15)
follows from (3.8) and (3.10).

Remark. Similar construction and formulas can be obtained in a real situ-
ation for differentiable foliations with singularities on a compact differentiable
manifold.

In order to illustrate this situation we give an example of a differentiable
foliation of an n-sphere S™ by (rn — 4)-dimensional manifolds with singularity
S78 for n > 8.

Let z: S — S* be the Hopf fibration of the 7-sphere by the 3-spheres S%,
and let S7 be the unit sphere in R®. If we join each point of a fibre S* on S7 with
the origin 0 € R® we get a foliation of the disk D® by 4-dimensional submani-
folds with singularity 0. Glue two copies of this foliated disk D* along the
boundaries S7 in such a way that the foliations smoothly match. This gives
a differentiable foliation of §* by 4-dimensional submanifolds which has two
singular points. Let these points be the antipodal points on the unit sphere in
R®. Now join each point of a leaf of the foliation of S® by segment with 0 ¢ R°.
We get the foliation of D® by 5-dimensional submanifolds with the singularity
being 1-dimensional segment. Gluing two copies of D° along S® so that the
match of the foliations gives the foliation of S°® by 5-dimensional submanifolds
with singularity S*. The inductive procedure produces the above example.

If we look at ST as at a unit sphere in C*, then one can show, using quater-
nions, that the foliation of C* by cones constructed by projecting the leaves
S% on S7 from 0 e C* is a foliation by complex analytic submanifolds of com-
plex dimension 2, which is real analytic in the direction transversal to the leaves.

4. 1In this last section we prove the theorem used in part 2 of this paper
in the construction of the projective bundle P. The theorem is actually a cor-
ollary of the theorem proved by Sheja [2].
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Theorem 2. Let M be a complex analytic n-dimensional manifold, O the struc-
ture sheaf (sheaf of germs of holomorphic functions), and Y, a closed subvariety
of M which is regular (in the sense of Definition 1). Then there is an isomorphism

HY(M, 0%) - H(M\ %, 0%) .

In other words; any holomorphic line bundle L — M\ >, can be holomor-
phically extended to a line bundle K — M in such a way that K|(M\ 2]) is
holomorphically equivalent to L.

Proof. Using the Cech cohomology with coefficients in a coherent sheaf,
Sheja [2] proved that if dim 3] < n — 4 then we get a bijection

HiM,0)— H(M\,0), j=12.
From the excision theorem we get the isomorphism
H¥M — U,(M\Y) — U;2Z)—> HM,M\}.;:Z),

where U = M — W, W being a closed subset of M from the definition of reg-
ularity of >3, and the comparison of the cohomology sequences for the pairs
(W, W\3) and (M, M\ }) respectively shows that from (ii) in Definition 1
follows the isomorphism

HI(M,Z)— H(M\X,Z), j=12.
The exact sequence 0 — Z — @ — ¢0* — 0O leads to the commutative diagram

--— HM,Z) - HM,p) — HM., 0" — HM,Z) - HM,0) —---

R

<= H(M\Y,Z) — H(M\X,0) —» H(M\L,0%) - HH M\ L, Z) > H'M\Z,0) — - --

with exact rows and isomorphisms i, i,, i,, i, Hence by the five lemma ¢ is
an isomorphism.
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